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Cross-docking: it is a logistics strategy, where goods get

1. Unloaded from incoming trucks

2. Sorted, and

3. Loaded into outgoing trucks, within 24 hours.

 In Hong Kong, almost all 3PLs use Crossdocking.

 More than 80% of publications in the last decade.

 Cross-docking is implemented successfully in:

 Retailing, Manufacturing, Automotive, 

Courier, and Photography.
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Problem Statement
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Assign Unload Transport Load Assign

How can we assign (1) incoming trucks to inbound 

doors, and 

(2) outgoing trucks to outbound doors,

such that the transportation inside is minimized?
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Sets:

• Set of origins (incoming trucks)

• Set of destinations (outgoing trucks)

• Set of inbound (strip) doors

• Set of outbound (stack) doors

Parameters:

• Commodities between origins and destinations

• Distances between doors

• Capacities on inbound (strip) doors

• Capacities on outbound (stack) doors

Binary decision variables:

• Assignment of origins to strip doors

• Assignment of destinations to stack doors

• Paths of commodities.

𝑚 ∈ 𝑀
𝑛 ∈ 𝑁
𝑖 ∈ 𝐼
𝑗 ∈ 𝐽

𝑤𝑚𝑛
𝑑𝑖𝑗
𝑆𝑖
𝑅𝑗

𝑥𝑚𝑖
𝑦𝑛𝑗
𝑧𝑚𝑖𝑗𝑛
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𝑚𝑖𝑛  𝑚∈𝑀 𝑖∈𝐼 𝑛∈𝑁 𝑗∈𝐽𝑤𝑘𝑑𝑖𝑗𝑥𝑚𝑗𝑦𝑛𝑗

𝑠. 𝑡.  𝑖∈𝐼 𝑥𝑚𝑖 = 1 ∀𝑚 ∈ 𝑀

 𝑗∈𝐽 𝑦𝑛𝑗 = 1 ∀ 𝑛 ∈ 𝑁

 𝑚∈𝑀 𝑠𝑚𝑥𝑚𝑖 ≤ 𝑆𝑖 ∀ 𝑖 ∈ 𝐼

 𝑛∈𝑁 𝑟𝑛𝑦𝑛𝑗 ≤ 𝑅𝑗 ∀ 𝑗 ∈ 𝐽

𝑥𝑚𝑖 ∈ 0,1 ∀ 𝑚 ∈ 𝑀, 𝑖 ∈ 𝐼

𝑦𝑛𝑗 ∈ 0,1 ∀ 𝑛 ∈ 𝑁, 𝑗 ∈ 𝐽

Classical formulation: (Zhu et al 2009) [6] 



MIP Formulation: M1 (Nassief et al 2015) [8] 

𝑚𝑖𝑛  𝑘∈𝐾 𝑖∈𝐼 𝑗∈𝐽𝑤𝑘𝑑𝑖𝑗𝑧𝑘𝑖𝑗

𝑠. 𝑡.  𝑖∈𝐼 𝑗∈𝐽 𝑧𝑘𝑖𝑗 = 1 ∀ 𝑘 ∈ 𝐾 (1)

 𝑗∈𝐽 𝑧𝑘𝑖𝑗 = 𝑥𝑜(𝑘)𝑖 ∀ 𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼 (2)

 𝑖∈𝐼 𝑧𝑘𝑖𝑗 = 𝑦𝑑 𝑘 𝑗 ∀ 𝑘 ∈ 𝐾, 𝑗 ∈ 𝐽 (3)

 𝑚∈𝑀 𝑠𝑚𝑥𝑚𝑖 ≤ 𝑆𝑖 ∀ 𝑖 ∈ 𝐼 (4)

 𝑛∈𝑁 𝑟𝑛𝑦𝑛𝑗 ≤ 𝑅𝑗 ∀ 𝑗 ∈ 𝐽 (5)

 𝑘∈𝐾:𝑑 𝑘 =𝑛 𝑠𝑜(𝑘)𝑧𝑘𝑖𝑗 ≤ 𝑆𝑖𝑦𝑛𝑗 ∀ 𝑛 ∈ 𝑁, 𝑗 ∈ 𝐽, 𝑖 ∈ 𝐼 (6)

 𝑘∈𝐾:𝑜 𝑘 =𝑚 𝑟𝑑(𝑘)𝑧𝑘𝑖𝑗 ≤ 𝑅𝑗𝑥𝑚𝑖 ∀𝑚 ∈ 𝑀, 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽 (7)

𝑥𝑚𝑖 ∈ 0,1 ∀ 𝑚 ∈ 𝑀, 𝑖 ∈ 𝐼 (8)

𝑦𝑛𝑗 ∈ 0,1 ∀ 𝑛 ∈ 𝑁, 𝑗 ∈ 𝐽 (9)

𝑧𝑘𝑖𝑗 ≥ 0 ∀ 𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽 (10)
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𝐶𝑖 = 𝑀
′ ⊆ 𝑀: 

𝑚∈𝑀′
𝑠𝑚𝑥𝑚𝑖 ≤ 𝑆𝑖

𝐿𝑗 = 𝑁
′ ⊆ 𝑁: 

𝑛∈𝑁′
𝑟𝑛𝑦𝑛𝑗 ≤ 𝑅𝑗
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𝑚𝑖𝑛  𝑘∈𝐾 𝑖∈𝐼 𝑗∈𝐽𝑤𝑘𝑑𝑖𝑗𝑧𝑘𝑖𝑗

𝑠. 𝑡.  𝑖∈𝐼 𝑗∈𝐽 𝑧𝑘𝑖𝑗 = 1 ∀ 𝑘 ∈ 𝐾 (1)

 𝑗∈𝐽 𝑧𝑘𝑖𝑗 =  𝑐∈𝐶𝑖:𝑜 𝑘 ∈𝐶 𝑥𝑖
𝑐 ∀ 𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼 (11)

 𝑖∈𝐼 𝑧𝑘𝑖𝑗 =  𝑙∈𝐿𝑗:𝑑 𝑘 ∈𝐿 𝑦𝑗
𝑙 ∀ 𝑘 ∈ 𝐾, 𝑗 ∈ 𝐽 (12)

 𝑐∈𝐶𝑖 𝑥𝑖
𝑐 = 1 ∀ 𝑖 ∈ 𝐼 (13)

 𝑙∈𝐿𝑗 𝑦𝑗
𝑙 = 1 ∀ 𝑗 ∈ 𝐽 (14)

 𝑘∈𝐾:𝑑 𝑘 =𝑛 𝑠𝑜(𝑘)𝑧𝑘𝑖𝑗 ≤ 𝑆𝑖  𝑙∈𝐿𝑗:𝑛∈𝐿 𝑦𝑗
𝑙 ∀ 𝑛 ∈ 𝑁, 𝑗 ∈ 𝐽, 𝑖 ∈ 𝐼 (15)

 𝑘∈𝐾:𝑜 𝑘 =𝑚 𝑟𝑑(𝑘)𝑧𝑘𝑖𝑗 ≤ 𝑅𝑗  𝑐∈𝐶𝑖:𝑚∈𝐶 𝑥𝑖
𝑐 ∀𝑚 ∈ 𝑀, 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽 (16)

𝑥𝑖
𝑐 ∈ 0,1 ∀ 𝑐 ∈ 𝐶𝑖 , 𝑖 ∈ 𝐼 (17)

𝑦𝑗
𝑙 ∈ 0,1 ∀ 𝑙 ∈ 𝐿𝑗 , 𝑗 ∈ 𝐽 (18)

𝑧𝑘𝑖𝑗 ≥ 0 ∀ 𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽 (10)

MIP Formulation: M2 (Nassief et al 2016) [9] 



Lagrangean Relaxation on M1
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𝑚𝑖𝑛  𝑘∈𝐾 𝑖∈𝐼 𝑗∈𝐽𝑤𝑘𝑑𝑖𝑗𝑧𝑘𝑖𝑗

𝑠. 𝑡.  𝑖∈𝐼 𝑗∈𝐽 𝑧𝑘𝑖𝑗 = 1 ∀ 𝑘 ∈ 𝐾 (1)

 𝑗∈𝐽 𝑧𝑘𝑖𝑗 = 𝑥𝑜(𝑘)𝑖 ∀ 𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼 (2)

 𝑖∈𝐼 𝑧𝑘𝑖𝑗 = 𝑦𝑑 𝑘 𝑗 ∀ 𝑘 ∈ 𝐾, 𝑗 ∈ 𝐽 (3)

 𝑚∈𝑀 𝑠𝑚𝑥𝑚𝑖 ≤ 𝑆𝑖 ∀ 𝑖 ∈ 𝐼 (4)

 𝑛∈𝑁 𝑟𝑛𝑦𝑛𝑗 ≤ 𝑅𝑗 ∀ 𝑗 ∈ 𝐽 (5)

 𝑘∈𝐾:𝑑 𝑘 =𝑛 𝑠𝑜(𝑘)𝑧𝑘𝑖𝑗 ≤ 𝑆𝑖𝑦𝑛𝑗 ∀ 𝑛 ∈ 𝑁, 𝑗 ∈ 𝐽, 𝑖 ∈ 𝐼 (6)

 𝑘∈𝐾:𝑜 𝑘 =𝑚 𝑟𝑑(𝑘)𝑧𝑘𝑖𝑗 ≤ 𝑅𝑗𝑥𝑚𝑖 ∀𝑚 ∈ 𝑀, 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽 (7)

𝑥𝑚𝑖 ∈ 0,1 ∀ 𝑚 ∈ 𝑀, 𝑖 ∈ 𝐼 (8)

𝑦𝑛𝑗 ∈ 0,1 ∀ 𝑛 ∈ 𝑁, 𝑗 ∈ 𝐽 (9)

𝑧𝑘𝑖𝑗 ≥ 0 ∀ 𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽 (10)

=> LD function:
• Three independent 

sub-problems.
• No integrality 

property.



A column-and-row generation algorithm for M2
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𝑅𝑀𝑃 𝑡 𝑚𝑖𝑛  𝑘∈𝐾 (𝑖,𝑗)∈𝐷𝑘
𝑡 𝑤𝑘𝑑𝑖𝑗 𝑧𝑘𝑖𝑗

𝑡

𝑠. 𝑡.  
(𝑖,𝑗)∈𝐷𝑘

𝑡 𝑧𝑘𝑖𝑗
𝑡 = 1 ∀ 𝑘 ∈ 𝐾 (19)

 
(𝑖,𝑗)∈𝐷𝑘

𝑡 𝑧𝑘𝑖𝑗
𝑡 =  

𝑐∈𝐶𝑖
𝑡 𝑎𝑐
𝑡𝑥𝑐
𝑡 ∀ 𝑘 ∈ 𝐾, 𝑖 ∈ 𝐼 (20)

 
(𝑖,𝑗)∈𝐷𝑘

𝑡 𝑧𝑘𝑖𝑗
𝑡 =  

𝑙∈𝐿𝑗
𝑡 𝑏𝑐
𝑡𝑦𝑐
𝑡 ∀ 𝑘 ∈ 𝐾, 𝑗 ∈ 𝐽 (21)

 𝑘∈𝐾 (𝑖,𝑗)∈𝐷𝑘
𝑡 𝑠𝑜(𝑘)𝑧𝑘𝑖𝑗 ≤ 𝑆𝑖  𝑙∈𝐿𝑗

𝑡 :𝑛∈𝑙
𝑦𝑙 ∀ 𝑛, 𝑗, 𝑖 ∈ 𝐶𝑃1

𝑡 (22)

 𝑘∈𝐾 (𝑖,𝑗)∈𝐷𝑘
𝑡 𝑟𝑑(𝑘)𝑧𝑘𝑖𝑗 ≤ 𝑅𝑗  𝑐∈𝐶𝑖

𝑡:𝑚∈𝑐
𝑥𝑐 ∀ 𝑚, 𝑖, 𝑗 ∈ 𝐶𝑃2

𝑡 (23)

 𝑐∈𝐶𝑖 𝑥𝑖
𝑐 = 1 ∀ 𝑖 ∈ 𝐼 (24)

 𝑙∈𝐿𝑗 𝑦𝑗
𝑙 = 1 ∀ 𝑗 ∈ 𝐽 (25)

𝑥𝑐
𝑡 ∈ 0,1 ∀ 𝑐 ∈ 𝐶𝑖

𝑡 (26)

𝑦𝑙
𝑡 ∈ 0,1 ∀ 𝑙 ∈ 𝐿𝑗

𝑡 (27)

𝑧𝑘𝑖𝑗
𝑡 ≥ 0 ∀ 𝑘 ∈ 𝐾, (𝑖, 𝑗) ∈ 𝐷𝑘

𝑡 (28)

𝑃𝑃𝑖
𝑋 0-1 Knapsack (strip door)

𝑃𝑃𝑗
𝑦

0-1 Knapsack (stack door)

𝑃𝑃𝑘
𝑧 0-1 path assignment

Heuristic => initial columns

Constructive phase

Add (22) and (23) if violated

Tabu Search

12

3

5

4

6

7

8



Comparisons
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M1 M2

LP(M2)
LR(M1)

LD = Max(LR)
LP(LD) = LP(M2)

Details in Ref [9]

Subgradient

Theoretically

LP(CG) >= LR
Details next slides

Practically

CG: LP(M2)

Local Search Tabu Search
Benchmark
Heuristics

comparedcompared



Results:

No Instance
LR(M1) CG(M2) LR(M1) CG(M2) H1 H2 H3 LR(M1) CG(M2)

%LB %UB Time (sec.)

1 8x4 3.23 2.47 0.00 0.00 0.00 0.00 0.00 5.56 0.38

2 9x4 3.93 3.08 0.00 0.00 0.00 0.00 0.00 10.53 0.49

3 10x4 4.80 3.80 0.00 0.06 0.00 0.00 0.00 11.65 0.57

4 10x5 5.40 4.25 0.00 0.00 0.15 0.15 0.12 11.79 0.84

5 11x5 6.13 4.96 0.00 0.12 0.11 0.10 0.12 16.52 1.12

6 12x5 5.83 4.60 0.00 0.00 0.05 0.03 0.04 15.87 1.34

7 12x6 7.19 6.27 0.00 0.06 0.14 0.25 0.19 21.08 1.84

8 15x6 6.93 5.81 0.00 0.00 0.20 0.17 0.27 32.06 3.21

9 15x7 8.39 6.98 0.11 0.05 0.19 0.09 0.12 29.63 5.51

10 20x10 11.73 10.66 0.31 0.02 0.44 0.16 0.56 78.63 39.42

Average 6.36 5.29 0.04 0.03 0.13 0.09 0.14 23.33 5.47
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Results:

No Instance
LR(M1) CG(M2) LR(M1) CG(M2) LR(M1) CG(M2)

%LB %UB Time (sec.)

11 10x4 4.01 3.29 0.00 0.00 6.03 0.62

12 15x6 6.20 4.96 0.00 0.12 16.73 3.33

13 20x10 10.15 8.88 0.11 0.24 53.60 38.96

14 25x10 11.29 10.01 0.22 0.00 96.05 76.90

15 50x10 15.90 14.89 0.04 0.01 873.54 5810.87

16 50x20 25.57 23.96 0.17 0.38 1623.42 36811.33

Average 12.19 11.00 0.09 0.12 444.89 7123.67
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Conclusion

• Two MIP formulations presented (M1: polynomial vs M2: exponential variables)

• Two different relaxations applied.

• M1: Lagrangean relaxations on a set of constraints.

• M2: Linear programming relaxation on the variables.

• Two different methods applied:

• Sub-gradient to solve the resulting Lagrangean dual function optimally.

• Column generation to solve the LP optimally.

• Theoretically: we show both relaxations coincide.

• Practically: CG outperforms SG.
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